A harmonic oscillator model in four dimensions is presented for the helium atom to estimate the distance to the inner and outer electron from the nucleus, the angle between electrons and the energy levels. The method is algebraic and is not based on the choice of correct trial wave function. Three harmonic oscillators and thus three quantum numbers are sufficient to describe the two-electron system. We derive a simple formula for the energy in the general case and in the special case of the Wannier Ridge. For a set of quantum numbers the distance to the electrons and the angle between the electrons are uniquely determined as the intersection between three surfaces. We show that the excited states converge either towards ionization thresholds or towards extreme parallel or antiparallel states and provide an estimate of the ground state energy.
I. INTRODUCTION
The Bohr-Sommerfeld quantization method did not succeed to predict the ground state of helium and the threebody Coulomb potential has since then been one of the major challenges in quantum physics. The Bohr-Sommerfeld quantization failed since they assumed ad-hoc rules that later turned out not to be valid. They for instance assumed that the electron distance to the core is the same for the two electrons and that the quantum numbers are integers. The spectrum of helium can be divided into 1) bound states that consist of the ground state and discrete singly excited states (singlet and triplet states) 2) doubly excited states that often are autoionizing and 3) the continuum above the three-particle breakup threshold [1] . The Hartree-Fock self-consistent-field method has shown to be particularly good at calculating bound states but it fails for doubly excited states where the electron-electron correlation is important (discovered by [2] and discussed in [3] ). Numerical methods such as the complex rotation method based on a Hylleraas-type basis set or a Sturmian basis set using perimetric coordinates have been developed to study doubly excited states [4] [5] [6] [7] [8] [9] [10] [11] [12] . They have in addition been used to estimate the ground state energy with high accuracy [13] . An important question is why the single-particle picture of the Hartree-Fock method cannot be applied for doubly excited states. The molecular adiabatic approximation answers this question by considering the two-electron system as a H + 2 molecule using the adiabatic distance as the interelectronic separation and the relative motion of the center of mass [14] [15] [16] . In this model the spatial wave function is separated into rotational, vibrational and molecular orbital wave functions, a more coherent picture than the single-particle picture. This model provides accurate estimations of the energy levels for doubly excited states. Classification methods to determine approximate quantum numbers of the two-electron system are primarily based on algebraic methods [17] [18] [19] [20] . Finally, several semiclassical methods have been developed that consider the dynamics of a classical three-body potential [21] [22] [23] [24] . These are used to study chaos.
The methods described above to determine the energy levels of a two-electron system have in common that the choice of wave functions are crucial to the success of these methods (for the molecular adiabatic method for instance it leads to quasiseparability of the three-body Coulomb Schrödinger equation). The algebraic classification methods are used to determine the structure of the energy levels but do not by themselves predict the energy levels. This means that no succesful method to determine the bound and doubly excited energy levels of helium exists today that does not depend on the choice of spatial wave function.
In this work, the energy levels of helium are determined using an algebraic method based on the harmonic oscillator in four dimensions [25] . This leads to a system that consists of three oscillators and thus three quantum numbers N 1 , N 2 and N 3 . These three quantum numbers uniquely determine the energy E, the distance between the electrons and the nucleus r 1 and r 2 and the angle between the two electrons θ. The ground state is found at N 1 = 1, N 2 = N 3 = 3/2 with E = −2.8827a.u, tan α = r1 r2 = 1.2635, r 2 = 1.0481Å and cos θ = −0.22725. We analyze data for 1000 different combinations of the quantum numbers and derive a simple formula for the total energy. Finally, we consider the special case of the Wannier Ridge where tan α = 1.
II. METHODS

A. The harmonic oscillator in 4 dimensions
In this section, we derive the formulas to calculate r = r 2 , cos θ, tan α and E. The derivation is based on a second order expansion of the helium potential and the algebraic method for a simple harmonic oscillator generalized to 4 dimensions. We derive the second order expansion in the next section.
We consider the Hamiltonian
where x, p, c and C 2 are defined as
. . 
and m is the mass of each electron, is Planck's constant, r 12 is the distance between the electrons and a is the Bohr radius defined by
In concordance with the standard algebraic method for simple harmonic oscillators we define the annihilation operator and creation operator as Cx − i ar 3
B. Second order expansion of the helium potential
Let r 1 and r 2 be the distance between the electrons and the nucleus and let r 12 be the distance between the electrons. The helium potential is given by
We define x 1 and x 2 as the coordinates of the electrons and x 0 as the coordinates of the nucleus. The unit vectors u 1 , v 1 and w 1 are defined as
Let {u 1 , u 2 , u 3 }, {v 1 , v 2 , v 3 } and {w 1 , w 2 , w 3 } be three orthonormal bases. Furthermore, let
and
It follows that
In the three bases we define the operators:
such that P 1 and P ⊥ in the basis {u 1 , u 2 , u 3 } have the matrix representations
and similarly for Q 1 and Q ⊥ in the basis {v 1 , v 2 , v 3 } and R 1 and R ⊥ in the basis {w 1 , w 2 , w 3 }. The second order perturbation of V is given by [26] 
where I have subtracted the zeroth order terms. This motivates us to consider the following potential
There are two important changes: 1) We only consider terms involving u 1 , v 1 and w 1 and 2) We consider x + y instead of x − y and let y → −y.
(33) First we find that λ = 0 is an eigenvalue with a = 0, b = 1, c = − 
Furthermore, we obtain
This equation can be reduced to the quadratic equation
which can be written as sin θc − cos θd − tan 4 α sin θ (cos θc + sin θd) + tan αd − (tan α − cos θ) tan 3 α (sin θc − cos θd) (cos θc + sin θd)
or
where γ 1 and γ 2 are defined as
and c and d are given by
For γ 1 we have
The following equality also holds:
and it leads to the quadratic equation
Using the equation above for γ 1 γ 2 we get
and inserting the equation for γ 1 we finally obtain the cubic equation
We denote the solutions to this equation γ 2,1 , γ 2,2 and γ 2,3 . γ 1,1 , γ 1,2 and γ 1,3 can be found by calculating γ 1 . The eigenvectors of C 2 are thus
The eigenvalues of C 2 are
sin θ tan αξ 3
where ξ i are defined as
Using the expressions for e i we find that c i = e 
(49)
D. Formula for E
In this section we prove that the energy is given by the expression:
First, the orthogonality of the eigenvectors implies
Using the three equations we deduce the following useful relations (17) is satisfied for all of the three oscillators when the three surfaces intersect.
The first relation is proven in the Appendix A. Given the above relations we can readily prove the formula for the energy. It is given by 
Several terms vanish due to the relations mentioned above. The non-vanishing terms are
so we finally obtain the expression for the energy of the helium atom
The derivation is not valid when tan α = 1. The formula for the energy in this special case is proven in Appendix B.
E. Numerical estimation of r, tan α, cos θ and E Equation (17) viewed as the function r(θ, α, N i ) determines r for each oscillator. To evaluate r requires a calculation of e i , λ i and c i that were found by calculating the three analytical solutions to equation (45). For a given N i , r is a surface as a function θ and α. It is clear that r, θ and α must be uniquely determined. Hence, r, θ and α can be found by calculating the intersection points between the three surfaces. Observations suggest that only one intersection point exists allthough no proof has been given in this work. Given N 1 , N 2 and N 3 , r, θ and α can thus be estimated by calculating the unique intersection point where equation (17) is satisfied for all of the three oscillators. This is illustrated in Figure 1 . Let s 1 , s 2 and s 3 be r for each of the three oscillators. The intersection point is estimated by calculating
using a fine grid of 1000 × 1000 where the range of cos θ is from −0.99999 to 0.99999 and the range of tan α is from 1.00001 to 10. The method is then iterated by decreasing the range of cos θ and tan α to be close to the estimated intersection point. For the estimated values of r, θ and α the energy can be calculated either by use of the analytical formula derived above or by equation (18) .
III. RESULTS
The observables r, tan α, cos θ and E were calculated using the intersection method described in the preceding section for different values of N 1 , N 2 and N 3 under the assumption that the quantum numbers are either half-integers or integers. The estimations of r, tan α, cos θ and E and the residuals given by equation (56) for 1000 different combinations of N 1 , N 2 and N 3 with a range from 0.5 to 5 were tabulated in the supporting material.
To investigate how the quantum numbers determine the energy five three dimensional surface plots are shown in Figure 2 (a) of the energy for different integer numbers of N 1 (1,2,3,4 and 5) and all combinations of N 2 and N 3 . Here, the surface plot of N 1 = 1 is lowest in the plot, over this plot is the surface plot of N 1 = 2 and so forth. We see that the energy is increased by a substantial amount when N 1 increases. Furthermore, the data suggests that the energy converges to the ionization thresholds for fixed N 1 and N 2 = N 3 → ∞ and the three-particle breakup threshold for Figure 2 (b) the corresponding surface plots of r are shown. As for the energy the surface plot of N 1 = 1 is lowest in the plot, over this plot is the surface plot of N 1 = 2 and so forth. We see that r increases substantially when N 1 increases and when N 3 increases in particular for high values of N 1 . The equivalent surface plots of cos θ and tan α are not shown but the data can be found in the supporting material. The data shows that cos θ has a little dependence on N 1 but is mainly determined by N 2 and N 3 while tan α converges towards 1 when
Next, we investigate cos θ, tan α, r, and E for N 1 set to 1. Four surface plots are shown in Figure 3 . The data clearly shows that an increase in N 2 leads to a decrease in cos θ while an increase in N 3 leads to an increase in cos θ. The results of an increase in N 2 (N 3 ) is thus that the motion of the two electrons becomes more parallel (antiparallel). The results suggest that an increase in tan α requires an increase in both N 2 and N 3 . Furthermore, r is almost constant for large values of N 2 and N 3 (r 2 ≈ a) while the energy as described above converges to the first ionization threshold at −2 a.u.. When the system is excited by raising N 2 and N 3 simultaneously it thus follows that the angle between the electrons and the distance to the inner electron more or less are unchanged while the distance to the outer electron is increased substantially.
Finally, the data suggests (see the supporting material for the exact values) that 1 is the lowest state for N 1 since the energies of N 1 = 0.5 are too low. Furthermore, it is interesting that N 1 = 1, N 2 = N 3 = 3/2 gives the energy −78.44eV, which only is 0.57eV from the experimental value of −79.01eV.
IV. CONCLUSION
The object of this paper was to introduce a harmonic oscillator model to calculate the distance to the inner and outer electron, the angle between the electrons and the energy levels of helium. The method is based on a second order expansion of a two-electron Coulomb potential and the algebraic method for a harmonic oscillator. We derived a simple formula for the energy of helium in the general case and in the specific case of the Wannier ridge where tan α = 1. A diagonalization of C 2 led to three harmonic oscillators and the system can thus be described by three quantum numbers. The three harmonic oscillators are related through equation (17) which gives an equation for r as a function of θ and α. We found that the intersection point between the three surfaces uniquely determines r, cos θ and tan α and thus E for a choice of N 1 , N 2 and N 3 and calculated the values for 1000 different combinations of the three quantum numbers using an iterative method.
Our analysis of the dependence of r, cos θ, tan α and E on the three quantum numbers indicates that the outer electron is excited towards the ionization threshold when both N 2 and N 3 is increased. The system becomes highly parallel or antiparallel if only one of the two quantum numbers is increased. Finally, the ground state is at N 1 = 1, N 2 = N 3 = 3/2 with energy −78.44eV.
In this section we prove the following relation:
It is easy to see that we have to prove 1 + γ 
This equation can be written as
Now, using equation (51) we obtain the equations:
which when combined lead to the result. The eigenvalues and eigenvectors for the special case of α = π/4 and r 1 = r 2 = r, the so called Wannier ridge [27] , have to be derived separately. This important exception is treated below.
Clearly, λ = 0 is still an eigenvalue with the same eigenvector. Using equation (38) for tan α = 1 we find that γ 1 = 1 and γ 2 = 0 are two solutions to the equation. When γ 2 = 0 we have γ 1 = −1. On the other hand when γ 1 = 1 the cubic equation reduces to the quadratic equation:
with
The solution to the quadratic equation is
The solution has the following properties
To conclude, the eigenvalues of C 2 when tan α = 1 are given by
and the eigenvectors are given by
The reader can readily confirm that the eigenvectors are orthogonal.
Next, we calculate c i = e T i c i :
The formulas for the eigenvalues and the eigenvalues and the c i 's are so simple that we readily can derive a formula for r and for the different energy terms. Using equation (17) 
Hence, we find that r is given by
where N 1 = in 1 . To use equation (18), we calculate c 2 1 
.
(B12)
Appendix C: Supporting material
Numerical data for r, cos θ, tan α, E and the residuals. The value of N 1 is in the first row and first column. The value of N 2 is in first row from the second to the eleventh column. The value of N 3 is in the first column from the second to the eleventh row. The data is tabulated from the second to the eleventh row and from the second to the eleventh column. The data was calculated using the iterative intersection method described in main document. 1308 1.1356 1.1364 1.1367 1.1368 1.1369 1.1369 1.137 1 057 1.0599 1.0594 1.0591 1.059 1.0589 1.0588 1.0588 1.0588 1.0587  1 1.1071 1.1308 1.1344 1.1356 1.1361 1.1364 1.1366 1.1367 1.1368 1.1368  1.5 1.1719 1.243 1.2635 1.2772 1.2852 1.29 1.2931 1.2952 1 0057 1.0212 1.0227 1.023 1.023 1.0229 1.0229 1.0229 1.0228 1 
